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STABILITY OF CIRCULAR PLATES FROM AGEING VISCOELASTIC MATERIAL"

A.D. DROZDOV AND D.M. ZHUKHOVITSKII

Stability conditions are obtained for circular plates of an inhomogeneously-
ageing viscoelastic material for an arbitrary creep kernel and different
methods of plate support. Stability in an infinite time interval
corresponds to determination of the Lyapunov stability, and in a finite
interval, Chetayev stability.

1. Formulation of the problem. Consider the axisymmetric deformation of a circular
plate of constant thickness h and radius R. We introduce a cylindrical rgz coordinate
system whose origin is at the centre of the plate middle plane in the undeformed state, while
the z-axis is perpendicular to this plane. At a time t£=0 an external load is applied to
the plate. We denote the age of the plate material at the point r at the time of external
load application by p (r). The function p (r) is piecewise-continuous and bounded.

The stress q; and strain eg;; tensor components (i, j=r, ¢,2) are connected by the
relationships

e;; =1+~ (I + L)s,;/E, e = (1—2v) o/E (1.1)
sy=E{l +v)y1(I —N)e;;, 0 =E(1—-2v)e
G =(0pr + Ogo + 022)/3, €= (8 + Egp + £,,)/3

e;;=g; —eby, s;;=0;—0d;

t
Iz=z@), Le={1t+p,t+p)z(r)dy,
. °
Nz={n(t+p1+p)z(r)yd
0
Here E is the constant modulus of elastic instantaneous deformation, v is the constant
Poisson's ratio, §;; are Kronecker deltas, I is the unit operator, L is the creep operator,
N is the relaxation operator, and I(¢, 1) and n(¢ 1) are the creep and relaxation kernels.
The external load applied to the plate consists of a transverse distributed load of
intensity ¢ (r) and compressive forces of constant magnitude p.
Let w (i, r) denote the plate deflection at the point r at the time ¢, w, the maximum
allowable value of the deflection, and T, the first time the deflection reaches the value w,.

Definition 1. A plate is called Lyapuncv stable in an infinite time interval if for any
e >0 there exists a §(e) >0 such that the estimate |w(t, r)|[<e (¢>0, r [0, Rl) follows
from the inequality |[g(r)|<(¥d

Definition 2. A plate is called stable in an interval [0, Tl if T < T,.

The aim of this paper is to obtain the conditions for the magnitudes of the compressive
forces p for which the plate is stable according to Defintions 1 and 2.

2. Governing equations. sSuppose an axisymmetric generalized plane state of stress
exists in the plate. Then ¢, =0 and the quantities o, (i =r, ¢, 2) can be neglected. We
consequently obtain from (1.1)

O = E (1 — v [(4 =) (I —N) e+ v (I — K) (er + )] 2.1)
Oop = E (1 — v — v) (I — Negy + v(I — K) (rr + 2o0)]
K=N{I—(1+v) (1—2v) 3v~—3v3)1 [T+ (1 + v x (3—3v)* LI}
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Let k (¢, 1) denote the kernel of the operator K.
We consider that a function m (¢, 1) exists such that for all 0Tt <<, 0 r<R

0L<nE+o, v+p kt+po1+p)<<m(t 1) (2.2)
1

lm|=snp,Sm(t, T)dr <1
0

According to Kirchhoff's hypothesis /2/
ey =0z, tgo=r"102, 0= —w' (W =adwjdr) (2.3)

where z is the distance from the middle plane of the plate. By virtue of (2.1) and (2.3),
the bending moments are given by the formulas

h/2
M= § o2dz=D[(1l —v)(I—N) & +v(I — K) (& + r10)] (2.4)
—h/3
h/2
My= § ogezds=D[(1—)(I—B)rid + v (—K)(® + ri0)]
—h/2

D = ERr® [12 (1 — v¥)]*

If the plate deflection equals zero, then a state of stress and strain characterised by
the stress tensor g¢;;° is realized therein. Let the angles of rotation of the plate elements
be small compared with one and let their squares be neglected. The elongations and shears
are substantially less than the angles of rotation and they can be neglected /2/. Then the
equilibrium equations of a plate element in the bent state have the form /3/

(r0ys%Y — Ogp =10 (25)
(M, — M,—rQ,=0, (rQ,) 4+ rg + h(ro,w'y =0 (2.6)
h/2
0, = S 0., dz
—h/3

We give the boundary conditions in the form
8(5,00=0; 6(t R) =0 @7
o’ (¢, R)=0p (2.8)
The first condition in (2.7) means that under symmetric bending the angle of rotation of
the normal at the centre of the plate is zero. The second condition in (2.7) corresponds to
stiff clamping of the plate edges.
Let Q, denote the transverse force acting on unit length of the arc /4/ rg(r) =I[rQ, (r)]".
We differentiate the first equation of (2.6) with respect to r and add it to the second.
According to (2.3), we obtain
[(rM,) — MY +rg — h(ro,°8) =0
We substitute the expression for @, into this equality and integrate with respect to r.
Replacing the quantities M,, M, in the relationship obtained in conformity with (2.4), we
£ind /5/
F(1—v)({I —N) & +rv(I —K)@® + ri9)l —[(1 —¥v)x (2.9)
(=N 10 + v (I —K) (8 +r29)] = D (hro,,8 —rQ,)
Eqg.(2.9) with the boundary conditions (2.7) describes the deflection of a circular plate
under an arbitrary transverse load.

3. Derivation of the stability conditions. We introduce the notation /6/
itir=Srrar, 1f1e=Srrar, Jrl2={rge+rmar 3.1)
ol =Sr(0nt+ ade)dr, (0, &)=Sr(ome, + ogetes)dr

(the integrals are evaluated between the limits O and R).
We multiply (2.9) by 9(f,r) and integrate over r between O and R. Integrating by parts
and taking account of the boundary conditions (2.7), we obtain

10 2= —v){r (N0 10N 18) dr + 3.2)
v{r@ + 10 K (0 +r10)dr + D2 r0Qodr +
rD\r(— o) Bdr=(t —v) L+ vIa+ s+ L
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From the Cauchy inequality and (2.2) we obtain the estimates

el <D Qo8] s <<AD™ 0| B0

, (3.3)
I11I<Sm(t, T)Sr[ﬂ'(t,r)ﬁ’(r,r)+r‘20(t,r)ﬂ(r,r)]dr dr <
°
t
10 4u§m(t, ) 8mar
’o
11 <§m (e 0 [ (6r) + 77202, D] [0 (1, 7) -+ 49 (1, )] drdo <
0
t
1 90a§m (1)) & lade
0
We find from (3.2) and (3.3)
¢
100 < ®luSmE 09 adt+hD2 e[ @0+ D[ Qof- 18] (3.4)
0
We introduce the notation H® = — r1[(r®) — r'8]. We set
A% = infg [(HO, 8) || 811, A, = infe [(HO, @) || &1l (3.5)
(the infimums of the functional are defined over all functions (¢, r)==0 that satisfy
boundary conditions (2.7)).
According to /6/, A >0 and the inequality Ay>0 will be proved below. Since
o <A 2ol IOl < AT |65
it follows from (3.4) that
(1 —aD7g &l | ) <[ m || 0L+ AD)H I Qoll (3.6)
10°, = sup; || o°}l, | & |, = sups || &l
Theorem 1. Let
| 6°fy < DAL (1 — |m)) 3.7
Then the plate is stable.

pProof. It follows from inequalities (3.6) and (3.7) that a constant C; >0 exists such
that | @], <Cill @oll. The assertion of the theorem follows from this inequality and the
estimate

|w(t, r)|<CZ|I0|]H<Cz|ﬁ|, (Ca>0 is a constant).
As in /1/ it can be proved that the following holds.

Theorem 3.2. Let there be a function m, (¢, T) such that uniformly in ¢ Z>i,

t
tim { 3By 22+ 0, +6) — mo )| + supy [ £ (¢ &0, 4 p) —ma t,7) 4 =0
Then the plate is stable for |¢°|, << DAgk™ (1 — | my|).

4. Estimates of the critical forces. we estimate | o°||
this || 6|l is initially estimated in terms of || &°||, then | &°(lin terms of p. To obtain the
first estimate we substitute expression (2.1) for the stress tensor components into || ¢°||. By
a method analogous to that mentioned in Sect.3 we obtain
I ll<EWA =T A+ [m[}|e ],

We now turn to the estimation of & s
of points of the plate by u (¢, r)-
between O and R.

in terms of p. To do

| € [s = supcli €| (&1)
in terms of p. We denote the radial displacement
We multiply (2.5) by u and integrate with respect to r
Integrating by parts and taking account of (2.8), we will have

S r{0p 8 + G;wa:pq;) dr=—pRu(R)y=Jy (e, =u, 8;07 =rlu)
Replacing the stress tensor components here by formulas (2.1), we obtain

12 = r (L — ) (e + £33 -+ ¥ (n® + gl dr = (1—v®) E4J5 (4.2)

(7 [(1 — ) (en"New® + eaeNege) + v (8° + 2q0) K (8r° +- e00)] dr
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We transform the quantity J, in the following manner:

Ja=—pRu(R)=—p§ (ruf dr=— pSr (e + era) dr

Then by the Cauchy inequality it is possible to obtain from (4.2), as in Sect.3, that

H
Ip<h{m@, ) udv+ (4 —v) EpR| & |
o

Hence
U—=m)Nl2 <A —Vv)E?pR|€ |, | Jil, = supc J, (4.3)
But

T =\ r (e, 4 2ve,, 00 + e) dr > (1 —v) [ &3

Together with (4.3) and (4.1) this inequality yields the estimate

M I<KP=pR1A+v) U+|m]) [ —v) 1 —[mpl (4.4)
Using (4.4) for the estimate of [, we conclude from (3.3) that the following holds.
Theorem 4.1. If the assumptions of Theorem 3.1 are satisfied, then the plate is stable
when P << DAh"'(1 — |m|[). If the assumptions of Theorem 3.2 are satisfied, then the plate is

stable when
P < Dhh™ (1 — | mg )

o 71z 7 5. Stability in a finite time interval. The

dependence of the critical time Iy on the parameters of the
problem was investigated numerically for the following values
of the quantities /7/: R=1m, h=0.05m, I(1)=—Edalg()
A— YD), k@, )=0, @ G) =4+ 4,77, =33-10¢ MPa, 4, =
9.75 - 10°¢ MPa"l, 4, = 46.2 -10~¢ MPa~! day, v = 0.3, 7= 0.03 day™,

4 Qo = qr/2, ¢=0.02MPa, p = 0.1 MPa.
The age of the plate material is described by a piecewise-
constant function equal to p, =3 days for 0<r<0.05 and p,
for 0.05<r<R.
The dependence of the critical time T, on the maximum
¥ allowable deflection w, is represented in the figure. The
1.0 14 14 dimensionless quantity y= w¢/w, is plotted along the abscissa

axis (w; 1is the value of the deflection corresponding to the
elastic problem), and the critical time 7, in days along the ordinate axis. Curves 1-3
correspond to values of the parameter p, equal to 3, 22, and 60 days.
A calculation shows thatthe critical time 7, increases as p, grows. This dependence is
strengthened as w, increases.

6. Some remarks. 1°. A constant €>0 exists (/8/, p.84) such that

1e1< c{r@rtrienar

Hence the inequality A,>0 follows.

2°. The stability conditions obtained hold even for other kinds of plate support. The
parameters +y,y, are found from (3.5) with boundary conditions corresponding to the type of
support.

39, Let the plate material be homogeneous (p(r) =p,). Then on°= —p. We let A, denote
the minimum eigenvalue of the problem

(r6’y —r19 4+ A8 =0, 6 (0)=8(R)=0
Theorem 6.1. We assume that
P DA (1 —m)) (p<DA™ (1 —|mgl)
Then the homogeneous plate is stable.

For |m|=0 the conditions obtained are in agreement with the stability conditions for
an elastic plate /9/.
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A MATHEMATICAL MODEL OF THE PROBLEM OF DIAGNOSING A THERMOELASTIC MEGIUM'

V.A. LOMAZOV and YU.V. NEMIROVSKII

The diagnosis problem is understood to mean the problem of determining
material characteristics by means of information on the physical fields
originating therein under the influence of external effects. The problem
is from the class of inverse problems of mathematical physics /1/ and

is solved using the model of generalized thermomechanics for weakly
anisotropic media. As a result of the analysis of wave processes in such
a medium, a method is developed for determining the thermoelastic
characteristics by means of the temperature and displacement values on
the half-space boundary. Examples of calculating specific characteristics
are examined.

1. we shall consider the problem of diagnosing a thermoelastic medium within the framework
of the model of generalized thermomechanics /2/

25,i + Ce® 4 Tofyjes;=0, v9; +¢;=— K0, 0ij5=pu;" tR)
4 A
&5 =5 (ui; + 1) O;;=Cimers —B:8, 1,7, k,1=1,2,3

Here (, is the specific heat for constant deformation, PB;; = Ciju®u. % are the coefficients
of linear expansion, Cyy are the isothermal stiffness coefficients of an anisotropic material,
K;; are the thermal conductivities, t is the heat flux relaxation time, p is the density
(the quantities listed above are functions of the space variables X = (T, Ty, Z3)), ¢; are
components of the heat flux vector, @ = (I —T,) is the relative body temperature, g, 0y
are the strain and stress tensors, u; are the displacement components (these quantities are
functions of x and the time t), and T,=const is the body temperature in the natural state.

The dots denote partial derivatives with respect to time, the subscript after the comma is the
derivative with respect to the corresponding coordinate. Summation is over repeated subscripts.

Unlike the dynamic egquations of the theory of elasticity and the non-stationary heat
conduction equations, the generalized thermomechanics equations describe the mutual influence
of the deformation and temperature fields and also take account of the finiteness of the heat
propagation velocity. It is important to take these effects into account in any study of the
qualitative behaviour of the solution. At the same time, in quantitative respects taking
them into account does not result in any appreciable difference between the sclutions and the
solutions of the elasticity and heat conduction theories in many cases /2, 3/.

In view of this, we will assume that the terms T.B;;&;, gy, ;0 are small quantities of
the order of e (0< &< 1) and the solution of system (1.1) {g;, ©, 0y 8, u;} differs from the
function {g, €% 0;°, ¥°}, which is a solution of the mutually uncoupled non-stationary equations
of the theory of heat conduction and the dynamic equations of elasticity theory, by a quantity
O (e o o
( ) q;,i + Ce"G"' = 0, 9j° + Kijoe' i°= 0, O3, = p"ui (1.2)

°

i - ) ° ° ° L.
& =5 Wi+ uj,4), 0 =Coymter, 4,), Kk, 1=1,2,3

Here we assume that [C,— Cl, | Kyy— Ki° I, le— 0" 1 | Cy— Cyi”] are also of the ordex
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